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1. INTRODUCTION

The multiphase flow is used to refer to any fluid flow consisting of more than one phase or compo-
nent; here we exclude those circumstances in which the components are well mixed above the molecular level.
This still leaves an enormous spectrum of different multiphase flows. One could classify them according to the
state of the different phases or components and therefore refer to gas/solid or liquid/solid or gas/particle flows
or bubbly flows, etc... Some treatises are defined in terms of a specific type of fluid flow and deal with low
Reynolds number suspension flows or dusty gas dynamics. We attempt to identify the basic fluid mechanical
phenomena and to illustrate them with examples from a broad range of applications and types of flow.

The general multiphase flow topologies can be identified at the outset, namely disperse flows that are consisting
of finite particles, drops or bubbles distributed in a connected volume of the continuous phase; and separated
flows which consist of two or more continuous streams of different fluids separated by interfaces.

This subject encompasses a vast field, a host of different technological contexts, a broad range of engineer-
ing disciplines and a multitude of different analytical approaches. The aim of the present paper is to try to
bring much of this fundamental understanding and to present a unifying approach to the fundamental ideas of
multiphase flows, together with different applications.
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2. APPLICATION 1: GAS-OIL

We develop a simplified formulation of the hydrocarbon system used for the petroleum reservoirs
simulation. This system is a model of a “’system of parabolic degenerated non linear convection-diffusion”
equations, which describes a two-phase flow (oil and gas) with a mass transfer in a porous medium, that leads
to the fluid compressibility. Under certrain hypothesis, such as validity of Darcy’s law, incompressibility of the
porous medium, compressibility of the fluids, mass transfer between the oil and the gas and negligible gravity,
the global pressure is formulated, due to G. Chavent, 1976 (see [5] and references therein). This formulation
allows to establish theoretical results on the existence and uniqueness of the solution.

2.1. Mathematical Model

Let 2 be a bounded connected open domain of R? with d = 2 or 3, describing the porous medium (the
reservoir), with a Lipchitz boundary T", ¢ € [0,T]. We consider a system of PDEs of parabolic convection-
diffusion type

1o} )
¢(x)§(PoWgSO) + dw(pongo) =0, (D
1o} .
Qs(x)a(pysg + poWéSO) + div(paUg + poWiUO) =0, ()
k’r’()
Uo = —K(l’)TVPm 3)
krg
Uy =—K() L VP, “4)
g

where S;,U;, P;, p;, 1; and k,.; denote respectively, the saturation, the velocity, the pressure, the density, the
viscosity and the relative permeability of the phase i = o (0il), g (gas), while the functions ¢(x) and K (z)
are the porosity and the absolute permeability of the medium and wS (¢ = h or /) is the massic fraction of
component ¢, denoted by h for the heavy component and by [ for the light one in the oil phase.

We suppose that it is a saturated regime and is expressed by

So+ S, =1 (5)
The capillary pressure is given by
Pg - B, :PC(SO) :pc(So)pcM7 6)
where
Pcm = Sup |Pc(So)‘ , 0< pc(So) <1 (N
We define the mobility of each phase by
kri .
A = 0 t=0,9 ®)
i
and the total mobility A by
A=A+ A, ©))
2.1.1. Reduced Saturation
For simplicity, we set
/)2 Zpow(}f, P = Pg+ Po; b=pgAg+ poro, d=pg—po (10)

Let us define by S; ,,,, the residual saturation of the fluid ¢ = o, g; we write

S < S
i,M »the maximum sat

Sg,M =1- So,rru SO,M =1- Sg,m (]2)
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Sim <8 < Sim,  i=0,g 13)

This leads to the so-called reduced saturation .S set as

S, —
o Pem p<S§<I 14
1= Sym —Som’ = (19

S =
2.1.2. Global pressure
If S = 0, equation (1) disappears. This is one of the main reasons for which the terminology of the ‘“global
pressure” was introduced to be

p:;g+amww) (15)
1 ; Ag — A
7(9) =3 / S0P (€) peardg (16)
So,m

The total velocity is given by: U = U, + U, so we can write

S
Y(8) = [ a(§)dg A7)
/
a($) = 22 (5) 1s)

a (9) is the capillary diffusion.

2.1.3. Boundary and initial conditions
We suppose that the reservoir’s boundary is not permeable, we write

Un=0, on I'x(0,7),
a(S)VS=0,on T x(0,7),

19)
where 7 denotes the normal vector. The initial conditions are set as
S (2,0)=58°(x) , P(x,0)=P°(z) in Q. (20)

Therefore, we write system ((1) — (4)) in the following form

®(z)2 (phS) — div (K (x)piX.(S)VP) +
+ div (K (z)pka(S)VS) = fi

®(z) 2 (pS) — div(K (z)b(S, P)VP)+ (PB)
+ div (K (z)d (P) a(S)VS) = f2

VPn=0, a(S)VS=0, on I'x(0,T)

S (x,0)=S8%(z) , P(z,0) = P%(x) in Q

with f1 = —6(2)Som 2 (o) and fo = —$(x) & (0Som + py).-

We have introduced a simplified formulation of the Hydrocarbon system where the unknowns are the reduced
saturation S of one of the fluids and the global pressure P. This formulation transform the system to a coupled
degenerate non linear parabolic system of elliptic equations. Hence we prove the existence and uniqueness of
the solution of the resulting system, details can be found in [15] and numerical results in [16].
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3. HYDROGEOLOGY: SURFASIC AND UNDERGROUND FLOWS

Recently coupling surfacic and underground flows has attracted many researchers mathematically and
numerically. For, we consider models coupling Navier-Stokes and Darcy equations with a numerical approach
linking the dicontinous-Galerkin method [8] and [20] and the a Posteriori Error Analysis [21].

We consider our problem on a bounded domain such that

[y

a 2o
Figure 1. Coupling domain

3.1. Mathematical Model
We consider a bounded domain €2 = 2y U )5,as in Figure 1 and write

7V.(2VD(7.L1) 7]31]) + ul‘Vul = fl in Ql
V.Ul =0 in Ql (21)
up =0 onIy

with the strain tensor D(u;) = % (Vu1 + VTul) and a viscosity v > 0.

—VKVPQ = f2 in QQ
— Kvpg = U2 in QQ

22
p2=gp onlyp @2)
KVpyng =gy onTaoy
Uyp.MN12 = —UQ.?’llgl
((72I/D(U1) + pll)nlg).ﬂlg —+ 5 (ul.ul) = P2 (23)
Uup.T12 = —2VG(D(U1)TL12).T12

where u and p are the velocity and the pressure in part of the domain respectively.
The existence and uniqueness of the solution has been proved in [3].

3.1.1. Discrete Problem

To discretise ((21)-(23)), we use a finite element scheme. Let us consider a regular family of triangulations of
Q, denoted by el subdivided into elements E of diameter h, where E is a triangle in d = 2 or a tetrahedron in
d = 3. We assume that all vertices of I'y5 and 9<) are vertices of " and we assume that all segments of "5 are
composed of segments of . For i = 1,2, let £ be the restriction of " to {2; which is also a regular family of
triangulations of £2;. It has to be noted that the two meshes coincide at the interface I'y5.

If one edge (d = 2) or face (d = 3) are noted by e, let I denote the set of edges or faces of € interior to
Q;,i = 1,2, . To each edge or face e of " we associate once and for all a unit normal vector n.. We set that if
e € F12, ne = nig andif e € FQ, Ne = No.

We propose the discontinuous Galerkin method. For, we introduce further notation: if the function v is smooth
enough, its trace along any side of one element £ is well defined. If two elements F; and Fs are neighbors
and share one common side e, and the vector n. points from E; to F», there are two traces of v along e. We
can add or substruct those values, and we obtain a jump [.] and an average {.} for v.
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The discrete problem is set as: Find (uy, p1,p2) € X x M x ML such that

Vvl S X{l,VQQ S Mgh7 ey (u17’01) + bDG (Uhpl) + Qe, (p27q2)
+cpa (ursur,v1) + 712 (w1, p2;v1,92) = Lpa (v1,g2) (24)
Vg1 € M}, bpg (u1,q1) =0

with

Qe (u}f 5 U{l)

2v Z /D(u?)D(vi‘)

Eeel

Y [{DGh)n} [

e€ThUl'; ¢

vwa 3 [{Dehn}. ]

e€ThUT; ¢
+J! (ul, {L)

bpa (vf,p}) = — Z/ V.ol + Z /{plne ¥ [or],s

Eeeh g e€ThuUT; ¢

ae, (Phdh) = / KV v — 3 / (KVphne}. [¢]

Eeel @ e€ThUl2p ¢

v S [{RVaba} ]+ ()

e€ThUTap e

LDG UlaQQ /fl% /f2%+ Z /QNQQ

e€lan

tea /(Kqu e+ 1 |q2) 9D

e€lap

cDg(u’f;v?,wh) = Z/ u1Vv1 al 4 = Z/Vul

Eeeh i EGEl E

Soarior, | (1100 Dokt

2eerhur,
e

tEeeh / {u?} -NE (U?(mt) - UT(EI”) awhtnt) )
8E\F12

and

1
Y12 (u}f,pg;vf,qg) = (pg,vf.nlg)ru + bl (U?-leyv?ﬁ'w)rlz

1
— (ufll.n127qg)rlz — 5 (ui‘.u’f,v?.nlg)ru

©UBMA - 2021



Rev. Sci. Technol., Synthese Vol 27, numéro 1: 01-14 (2021) F. Z. Nouri

3.2. Numerical Results

We have considered a problem coupling Navier-Stokes/Darcy equations and proposed the discontinous galerkin
finite element method, and we obtained local a posteriori error estimations and error indicators of a residual
type [1], [7], [13] and [21]. In Figure 2, we plot the error estimates and indicators for both the continous and
discontinous Galerkin approach and by comparing them, we can deduce that:

e The continous Galerkin method is more stable for this nonlinear coupled problem and takes less CPU
time.

o The discontinous Galerkin method is more realistic for this type of problems.

e Error indicators are more or less of the same order.

10'

w0’ 10° 10 10° 10

Figure 2. Error estimators and indicators
4. SURFASIC AND UNDERGROUND FLOWS IN POROUS MEDIA
4.1. Immiscible fluids

The system of equations for the flow of two immiscible fluid phases is given by the mass conservation equations
combined with the Darcy’s law

D, )
Sia( ) +V.(v)=q; i=F,s, (25)
ot
v = —KPiI G (26)
273

The unknowns ®; and v; are the hydraulic load and the fluid velocity. The parameters S;, k, ii;, p; and g are
respectively , the storativity’s coefficient, the soil permeability, the dynamic viscosity, the density and the
gravitational acceleration. The position of the interface can be determined by

h=(1+06), — id; 27)

P
pPs—py’

where § = is the density contrast beween the two fluids.

4.1.1. Simplified model
We consider a confined aquifer (Figure 3), leading to assume that the fresh water is quasi-static to give a system
of partial differential equations of degenerate elliptic-parabolic type. We simplify our system by omiting the
term with S; in (25) to get

a% — div(K(x)Ts(h)Vh) + div(K(z)Ts(h)V®;) = —I5, in Q, (28)
—div (K(x)HyV®y) + div (K (2)Ts(h)Vh) = Iy + Iy, in Q, (29)
h=hp, ® =&;p on I x[0,T], (30)
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h(z,0) = ho(z) in Q, 31)

where « is the porosity, K (z) the hydraulic conductivity, Hs the aquifer thickness and T5(h) = Hs — h, the
salt water zone thickness. The unknowns are the hydraulic load of fresh water ® and the interface depth h.
the well posedness is proved in Djedaidi et al 2016 [12].

L= - - - - - - - -
e confined agquifer
salt water e JTTSHh waber

-
e e

Figure 3. Confined aquifer

4.2. Finite volume approximation

In this section we propose a finite volume scheme to approximate the solutions of the derived simplified model
((28)-(31)). The time interval [0, T'[ is divided into finite sub-intervals [¢,,, t,+1] of length At,,, n =0,..., M
with tp = 0 and t5; = T'. The space domain (the confined aquifer 2) is discretized by a non-structured stitching
T}, as follows.

We introduce the following notation:

Let |C| denote the cell C surface, N(C) the set of triangles having in common a side with the cell C.

Let ec, 1, be the common side of the triangles C' and L, ﬁc_y 1 be the normal oriented from C' towards L.

751 is the external normal corresponding to the part of e; at the boundary I'.

Let Q5 be the set of sides of the stitching 7}, and @, be the set of the interior sides.

e For a given side e, let us denote by N and P the extremities, by W and E' the two triangles where
e = W N E; by x. the diamond cell associated with e given by connecting the centers of gravities of the
cells W and E with the extremities /N and P of e.

. ((5) =1, 4) are the four segments forming the border of ..

o 7. = = (e, f1y,) is the normal on &, outgoing of ..

€.
i

For a given node, V' (V) is the set of triangles with this node in common.

This is resumed by the more illustrative Figure 4. For more details on finite volume methods see [13].
For the numerical resolution of our simplified system ((28)-(31)), equations (28) and (29) are discretized sepa-
rately.

4.2.1. Numerical Results

We explore the depth of the interface for 7' = 0, 5, 10 and 20. The numerical results are summarised in Figure
4, showing the evolution in time of the sharp interface between the fluids. Note that the interface shape is
conserved.

©OUBMA - 2021



Rev. Sci. Technol., Synthese Vol 27, numéro 1: 01-14 (2021) F. Z. Nouri

Figure 4. Depth of the interface for 7" = 0, 5, 10 and 20

4.3. Miscible Fluids
The study of miscible fluids is motivated by many applications such as oil recovery, problems in hydrogeology,
groundwater pollution and fitration, where there is no sharp interface and fluids can mix freely with each
other. However it is possible that two fluids or liquids are not completely miscible, i.e they can mix until
the concentration reaches a certain saturation. Many authors have studied this phenomenon from different
angles, for example D. Kortweg in 1901 in [17] has induced that the charge of concentration gradients near the
transition zone causes capillary forces between the two fluids. The authors N. Bessov et al in [9], have pointed
out that due to inohomogeneties of concentration, one should take into account the Kortweg stress. This criteria
was first introduced by Kostin et al in [18], where they set their system as the incompressible Navier Stokes
equations.We have also studied miscible fluids coupling concentration and Navier-Stokes equations, see Nouri
et al [4].
The model that describes the movement between two miscible liquids in a porous medium, in a domain Q C R?
is given by the system
% +u.Ve=dAc
9u 4 Ly=—-Vp+V.F(c)
div(u) =0 (32)
%;:0, un=0 onl, QcCR?

c(x,0) = co(x), u(x,0) = up(z), =€

where u, p, ¢ are the velocity, the pressure and the concentration, respectively. The coefficients d, ;1 and K are
the mass diffusion, the viscosity and the permeability of the medium coefficients. Note that

OF11 OF1o

— 0, 0,
V.F(e)= | 6fs  oF%
8:61 8212

where Fiy = k(£5), Fay = k(£%), Fia = Fa1 = —k(£5)(£%) with k a positive constant. For more

details on the study of this system the reader is referred to [1] and Assala et al in [12].

5. NUMERICAL DISCRETISATION

For the numerical resolution of the problem (32), we discretise the two first equations separately, by
the finite volume scheme described in previous section. We visualise in figure 4 the concentration for different
times. We conclude that the more dense fluid displaces slowly such that:

e The concentration of salt is diffusing rapidly in time.

e The velocity of water is increasing in the x-direction more than the y-direction, due to our boundary
conditions assumption.

e Due to Archimedes ‘buoyancy principle’, the lighter fluid tend to go upward with appearance of Rayleigh—
Taylor instabilities at the bottom denser layer.
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In the case of immiscible fluids, the viscosity and the abrupt interface act as stabilising factors (see Djedaidi
and Nouri [12] and references therein). In miscible fluids in porous media,the stabilising role of interfacial
tension is played by molecular diffusion and also by a reduced density contrast, as a result of a mixing zone.
Therefore, through these illustrative numerical results the classical phenomenon like merging and tip splitting,
are observed.

@ == J[ e : ®

Figure 5. Concentration (a) and velocity (b) fort = 1,3,5 and 15

6. MATHEMATICS IN MEDICINE

6.1. Stem Cell Problem

The majority of orthopaedics tissues have become targets for cellular therapies, with the repair of cartilage
defects, tendons and intervertebral discs. Usually such therapies introduce cells through local delivery i.e. direct
injection or surgical implantation; however this method is not without limitations, for example inaccessible
locations and multiple sites, the need for repeated dosage and the lack of surgical candidates.

6.2. Requirement and Suggestions
Requirement: Kyrtatos 2009, Huang et al 2010, Riegler et al 2010, Elhaj 2012 [2] wondered about the best

way to:
e Deliver MSC:s to their intended site(s) of action.

o Use magnetic labelling : A way to guide MSCs out of the bloodstream

Literature review
Richardson et al 2000 concentrated on the force experienced by the particles in a vessel due to fluid flow and
the externally applied magnetic field, i.e. use Poiseuille.

Grief et al 2005 proposed an advection-diffusion model for motion of magnetic particles in the bloodstream.
From these suggestions many questions arise.

Primary Questions: The primary question put to the study group was to consider whether loading
MSCs with magnetic particles would enable them to be directed to specific sites, deep in the tissue with the
external application of magnets.

Secondary Questions: If the approach is feasible then

1. The optimal number of Super Paramagnetic Iron Oxide particles (SPIOs) in a cell; predicting the propor-
tion of SPIO-loaded cells that reach the target site;

2. how long MSCs take to reach the target site and
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3. for what length of time external magnets should be used.

For given data by K. Elhadj and L.Kimpton 2012, the magnet against patient’s skin, showing coordinate system,
and the parameter values for magnetic force calculation are shown in Figure 6.

Here we visualise the spatial variation of the magnitude and direction of the force due to the magnet felt by
a single core (see Figures 7), for more details on the analytical solution the reader is referred to the research
report report in https://mmsg.mathmos.net/uk/2012/magnetic-stem-cells/report.pdf . The key things to note are
that the force is always directed towards the magnet and that the magnitude of the force decays rapidly away
from the magnet.

Parameter Value Units
YA
P 5.1 % 10% kgm™
; = Ay 2leo—1
Tisse Mar . .)]l?‘ro , Am*kg
T 5x 107 m
a b core A ) o
(@) (b) k 1.38 x 1072 | m?kgs 2K~}
Magnet T 310 K
- d 2% 107 m
(-L,—d) Al L 3.5 % 107 m

Figure 6. Coordinate system (a), and the parameter values (b) for magnetic force calculation.
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Figure 7. Magnitude of the force (a), and its direction (b) due to the magnet felt by a single core.

6.3. Proposed Model

First sight: We propose a model taking into account the following two reactions:

* The action of the fluid on the cell is modelled by the hydrodynamic force and torque acting on its surface,
they are used as the right-hand sides of Newton-Euler equations.

* The action of the cell on the fluid can be modelled by no-slip boundary conditions on the cell in the Navier—
Stokes equations.

Inconvenience of this Model

This explicit coupling can be numerically unstable and its resolution often requires very small time steps. In
addition, if we choose to use (for accuracy) the finite element menthod and since the position of the cell evolves
in time, we would have to remesh the computational domain at each time step or in best cases every few time
steps.

O©OUBMA - 2021
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6.3.1. Bi-Phasic Model (Fluid-Bubble)
We propose a bi-phasic model assuming that we have two fluids with different densities and viscosities, using
Navier Stokes equations

p(¢(2,1))0,u+ p(o(z, 1) (u.Vu) — p(é(z,t)) Au+ Vp = f, (33)
with
Q Q
p(x,t>={ SR ,u(:c,t)z{ RV (34)
and
p(0) = py+(pp—pp) H(9) s 1(®) = py+(pp— ) H () (35)

and the level set method. Here H (¢) denotes the Heaviside function and ¢(z, ) is the level set function defined
by

¢(z,t)>0 Vo € Qy

o(x, 1)< 0 Ve € (36)
¢z, t)=0 Ve el

The evolution of the interface I at each time ¢ is described by the advection of the level set function ¢(z,t)
solution of

Op+uVep=0 Ve e Qx(0,T)
= bin on Xy (37)
o= ¢o VreQatt=0
where ;, = {(z,t) € 9Q x (0,T); u.n < 0}. We introduce a relaxation parameter A (0 < A < 1) such that
u = Auy + (1 — A)up, and we use

0 if Wiw<—g
H(g) =4 30 +1 g +Lisin(Zrdy)  if —e< &y <e¢ (38)
1 if e

where [—¢, €] is the thickness of the interface between the fluid and the cell. Note that the heaviside function
H(¢) does not depend on ¢ but on ﬁ as an approximation of the distance function in the neighbourhood of
the interface.

6.4. Numerical Results
In this section we present some numerical solutions for a simple model of a cell in a blood vessel in the presence
of a magnetic eld. The position and deformation of the cell not only depends on the interaction between the
flow and the cell, which are quite complex in such a geometry, but also on the initial position of the cell(s).
In the same way as in the previous applications, we use a finite element scheme to solve ((33)-(38)) using the
following algorithm.

Input f (Magnetic Field force) and the disctretisation parameters

Update p(¢) and (o)

Solve the Navier Stokes equation (33)

Use the velocity u of Navier Stokes Equation to advect ¢ from (37),
and get the following results:
Case 1. Low Magnet Effect, A = 0.35, it is clearly shown in Figure 8 that the cell is pushed straight to the
end of the domain by the blood and slightly pulled down in the middle part of the domain by the magnet.
Case 2. High Magnet Effect, A\ = 0.85, as shown in Figure 9, we can notice that in addition to the the blood
effect pushing, the magnet is pulling the cell.
Case 3. Two Cells with low Magnet Effect, \ = 0.35, in this last numerical experiment we noticed numerical
unstable behaviour, the two cells are pushing each other in addition to the blood effect and the cell motion, as
shown in Figure 10.
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The numerical results in this section prove a possible framework for numerical simulations of cell motion
through the bloodstream in the presence of a magnet (see Figures 8,9 and 10). The interface I'between cell and
blood is clearly seen to diffuse at some of the later time points and there is some pinching of the cell under the
influence of strong magnets (see Figure 9). Modelling could be useful in determining how strong a magnetic
force would need to be to have a sufficient effect on this process. Another interesting problem concerns how
loading cells with magnetic particles in instigates their strolling motion.

Figure 8. Low Magnet Effect for one cell, A = 0.35

Figure 9. High Magnet Effect for one cell, A = 0.35

Figure 10. Low Magnet Effect for two cells, A = 0.35

7. CONCLUSION

Through these different applications, we show how mathematical modelling can be of a great use. By
studying a real problem, we first learn new skilsl and try to seek and develop new methods and approaches
leading to solutions in a record time, helping experimentalists to understand complex phenomena.

We can also refer to [6] for some userful results solving a real problem in cardiology and [10] for a problem in
pharmacolgy.

©OUBMA - 2021
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